A new method for describing the phase equilibria of a multicomponent system in the matrix form is proposed. A system of equations which describes a higher order phase diagram consists of: polynomial expressions correspond to the hypersurfaces representing the phase boundaries of one-phase regions and the relationships expressing the phase equilibria between phases. The method can be applied to the phase diagrams as a whole or its parts. As an example, the results of liquidus surface estimation of quasi-ternary InBi-Sn-Pb alloys are presented. For liquidus surface representation in this system three binary subsystems and only few experimental data on ternary alloys are used.
In the design, development, processing and understanding of multicomponent alloys, their phase diagrams play an important role. Since experimental determination of multicomponent phase diagrams can be time-consuming, expensive and difficult, theoretical evaluation based on a far less number of experimental data is substantial. Despite the well knowledge of binary phase diagrams at a constant pressure, phase equilibia for higher order systems are less studied. The phase diagram can be calculated and investigated using both thermodynamic methods and mathematic ones.
A new method for describing the phase equilibria of a multicomponent system in the matrix form is proposed. A system of equations which describes a higher order phase diagram consists of: polynomial expressions correspond to the hypersurfaces representing the phase boundaries of one-phase regions and the relationships expressing the phase equilibria between phases. The method can be applied to the phase diagrams as a whole or its parts. As an example, the results of liquidus surface estimation of quasi-ternary InBi-Sn-Pb alloys are presented. For liquidus surface representation in this system three binary subsystems and only few experimental data on ternary alloys are used.
The liquidus or solidus temperature T in m-component systems may be represented by the n-th order Scheffe polynomial expansion [1] using atomic fractions xi:
where ; β are constant coefficients. Any number of coefficients β necessary to adequately represent the temperature in a system may be included.
The liquidus or solidus surface resulted from N measurements can be represented in matrix form:
where M is the number of coefficients β to be determined; T is column vector of the measured values of temperature; X is concentration matrix; B is column vector of coefficients β. The first and second arguments in parentheses indicate the number of rows and columns, respectively. The values of β are determined by the method of Gauss. The phase equilibrium can be expressed in matrix form by the relation:
where q is maximum number of phases in the phase equilibrium; Tf is the phase equilibrium temperature. For any phase diagram, matrices Xi and relations (3) are parts of a large a matrix X. Number of sub-matrix Xi in X depends on the number of phases in the system multiplied by the number of surfaces bounding phase. Number of relations (3) in X is determined by the reaction scheme.
Let's consider for example the matrix X for the liquidus surface in the ternary system with one of the invariant point:
where 0 is zero sub-matrix; Ni and Mi are number of experimental points and coefficients β in i-th sub-matrix, respectively. In the liquidus surface calculation of ternary systems usually the coefficients of the binary systems can be treated as known, only the coefficients of the ternary polynomial are unknown.
In general, the composition of the ternary eutectic point ( 
where ) , ( is the temperature at the eutectic point for i-th liquidus surface equation (1) . The system of equations (5) can be solved by any minimization method (e.g., Newton-Raphson or simplex).
Experimental data for analytical representation of the liquidus surface of binary sub-systems (Sn-Pb, InBi-Sn, InBi-Pb) are obtained from the literature [2] [3] [4] . Measured liquidus temperatures of 9 ternary InBi-Sn-Pb alloys are taken from ref. [5] . Results of the liquidus surface calculation the quasi-ternary InBi-Sn-Pb system are presented in Fig. 1 . Deviations of the experimental points from the calculated liquidus surface not exceed 1.5 o C. The calculated and experimental [6] values of composition and temperature of the InBi-Sn-Pb eutectic point are given in the Table 1 . The results of the calculation of eutectic point coordinates obtained in [5] without the use of condition (3) (i.e., by extrapolation of these surfaces to the point of intersection) are shown also in the table for comparison purposes. Thus, the use of relation (3) in calculation makes it easier to describe the liquidus surface in the concentration range where no experimental points (i.e., near the eutectic point).
